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1. Introduction
Throughout this paper let p be an odd prime and let α ∈ N. Let ϕ(n) denote Euler’s function
counting the number of integers between 1 and n relatively prime to n. Then ϕ(pα) = pα − pα−1. Let
Bn(x) denote the n-th Bernoulli polynomial deﬁned by
t
et − 1 e
xt =
∞∑
n=0
Bn(x)
tn
n!
(|t| < 2π),
and let Bn denote the n-th Bernoulli number deﬁned by Bn = Bn(0).
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N. Wang et al. / Journal of Number Theory 129 (2009) 1522–1531 1523For p ≡ 1 (mod 4) let χp(a) = ( ap ) denote, once and for all, the real primitive even Dirichlet
character to the modulus p corresponding to the real quadratic ﬁeld Q(
√
p). Let χ4 denote the real
primitive Dirichlet character mod 4 corresponding to the Gaussian ﬁeld Q(i). For a Dirichlet character
mod q, let τ (χ) =∑amodq χ(a)e2π i aq and Gn(χ) =∑amodq χ(a)e2π i naq be the normalized and gener-
alized Gauss sum associated to χ , respectively. Let L(s,χ) denote the Dirichlet L-function associated
to χ . For a non-principal χ , the series for L(s,χ) is convergent for σ = Re s > 0 and we may speak
of the value L(1,χ). Let h(d) denote the class number of the imaginary quadratic ﬁeld Q(
√
d) with
discriminant d < 0, and let χ−|d|(a) = ( a|d| ) be the corresponding Kronecker character. In this sense
χ4 above is χ−4 but we use the notation χ4. Then Dirichlet’s class number formula reads
h(d) = w
√|d|
2π
L(1,χ−|d|), (1.1)
where w is the number of roots of 1 in Q(
√
d). Hence, in particular, for the imaginary quadratic ﬁeld
Q(
√−4p), p ≡ 1 (mod 4), we have |d| = 4p and so (1.1) reads
h(−4p) = 2
√
4p
2π
L(1,χ−4p).
On Euler numbers congruences modulo powers of odd prime and modulo powers of two, readers
may refer to some recent works by (for example cf.) G. Liu [9–11], and G. Liu and W. Zhang [12],
Sun [14] and W. Zhang and Z. Xu [16]. A classical result on Euler numbers congruence modulo pow-
ers of two is due to Stern [13]. Moreover, to investigate the properties of Euler numbers and q-Euler
numbers associated with zeta functions, p-adic q-integrals and Gaussian binomials coeﬃcients, read-
ers may refer to the essential works by T. Kim [2–8].
We note that W. Zhang and Z. Xu’s result [16, pp. 283–291] on the ϕ(p
α)
2 -th Euler number E ϕ(pα)
2
:
E ϕ(pα)
2
≡ 4
p−1
4∑
s=1
(
s
p
)
= −2i
π
τ(χ ′χ4)L(1,χ ′χ4)
(
mod pα
)
, (1.2)
χ ′(a) = χp(a) = ( ap ) being as above, should be interpreted, in view of τ (χpχ4) = 2i
√
p, as
E ϕ(pα)
2
≡ 4
p−1
4∑
s=1
(
s
p
)
= 2h(−4p) (mod pα). (1.3)
In this paper, we shall go on more deeply by incorporating the allowance l of the index 2n:
2n =m + l, ϕ(p
α)
2
∣∣∣m.
In this case we are naturally left with the power (2n)κ , whence we are to study weighted short
interval character sum Sβ,κ (χ) = 1qκ
∑′
0aβq χ(a)a
κ (see Lemma 1.3). We may apply Yamamoto’s
theory to express it in terms of L-function values. Hence, in addition to class number congruences
(1.3), we shall obtain congruences for the L-function values (for the argument and the χ being of the
same parity) in Euler numbers.
1524 N. Wang et al. / Journal of Number Theory 129 (2009) 1522–1531Lemma 1.1. (See [12, (3.2)].) Let E(k)2n denote the 2n-th Euler number of order k deﬁned by
(
2
et + e−t
)k
=
∞∑
n=0
E(k)2n
t2n
(2n)! , |t| <
π
2
. (1.4)
Then it holds that
E(k)2n ≡
1
2m−1
[m2 ]∑
j=0
(
m
j
)
(m − 2 j)2n (mod m + k) (1.5)
(n,k ∈ N, m ∈ N ∪ {0}), where [x] signiﬁes the greatest integer not exceeding x.
Lemma 1.2. Let 2n =m + l, l ∈ N ∪ {0} and m is a multiple of ϕ(pα)2 . Then we have
E2n ≡ 2(−1) p
α−1
2
pα−1
2∑
s=0
(−1)s(2s)l
(
2s
p
) m
ϕ(pα)/2 (
mod pα
)
. (1.6)
Proof. By Carlitz [1, (1,10)], we have
E2n ≡ 2(−1) p
α−1
2
pα−1
2∑
s=0
(−1)s(2s)2n (mod pα). (1.7)
Raising Euler’s Criterion to the power m, we obtained
(2s)m = ((2s) p−12 )pα−1 mϕ(pα)/2 ≡ (2s
p
) m
ϕ(pα)/2 (
mod pα
)
,
for (2s, p) = 1, and for (2s, p) > 1 both sides are 0 (mod pα).
Hence, replacing the powers (2s)m by the Legendre symbol in (1.7) leads to (1.6). 
The following lemma is a slight generalization of Yamamoto’s result which refer to primitive char-
acters modulo q, while our result is true for primitive characters modulo p and q is a power of p
(cf. [15, (5.1), (5.2)]).
Lemma 1.3. Let β = tu , t,u ∈ Z, 0 < t  u, κ ∈ N ∪ {0}, q = pα and let χ be a primitive character mod p.
Let
Sβ,κ = Sβ,κ (χ) = 1
qκ
∑
0aβq
′χ(a)aκ ,
where the prime on the summation signmeans that for extremal values 0, βq of a, the corresponding summand
is to be halved. Then
Sβ,κ (χ) =
κ+1∑ κ !βκ−r+1τ (χ)
(2π i)r(pα−1)r−1(κ − r + 1)!
∞∑ br(pα−1n)χ(n)
nr
, (1.8)r=1 n=1
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br(n) = (−1)r+1χ(−1)ηnt − η−nt (1 r  κ),
bκ+1(n) = (−1)κ+1χ(−1)
(
1− ηnt)+ 1− η−nt , η = e 2π iu . (1.9)
Proof. We have the Fourier series
Sβ,κ (χ) =
∞∑
n=−∞
Gn(χ) fˆn, (1.10)
where fˆn can be found in [15, (5.2)].
Using the parity relation G−n(χ) = χ(−1)Gn(χ), we may express the sum (1.10) as
Sβ,κ (χ) = G0(χ) β
κ+1
κ + 1 +
κ∑
r=1
κ !βκ−r+1
(2π i)r(κ − r + 1)!
∞∑
n=1
Gn(χ)br(n)
nr
+ κ !
(2π i)κ+1
∞∑
n=1
Gn(χ)bκ+1(n)
nκ+1
. (1.11)
Now we compute Gn(χ), using the primitiveness of χ mod p:
p∑
j=1
χ( j)e2π inj/p = χ¯ (n)τ (χ).
Classifying a = 1, . . . , pα into residue classes mod p, a = vp + j, 0  v  pα−1 − 1, 1  j  p, we
obtain
Gn(χ) =
p∑
j=1
χ( j)e2π inj/p
α
pα−1−1∑
v=0
e2π inv/p
α−1
.
Hence by orthogonality, we have
Gn(χ) =
{
pα−1
∑p
j=1 χ( j)e
2π inj/pα if pα−1 | n,
0 if pα−1  n,
or
Gn(χ) =
{
pα−1χ( n
pα−1 )τ (χ), p
α−1 | n,
0 pα−1  n.
Substituting this in (1.11) we deduce (1.8), completing the proof. 
Lemma 1.4. Let k ∈ N ∪ {0}. For p ≡ 1 (mod 4) we have
S1/4,2k(χp) =
k∑
r=1
(−1)r(2k)!τ (χp)
42k−r+1π2r(pα−1)2r−1(2k − 2r + 1)!
(
2χp(2)
22r
− 4
42r
)
L(2r,χp)
+
k∑ (−1)r(2k)!τ (χp)
π2r+142k−r(pα−1)2r(2k − 2r)! L(2r + 1,χ4χp), (1.12)
r=0
1526 N. Wang et al. / Journal of Number Theory 129 (2009) 1522–1531and
S1/2,2k(χp) =
k∑
r=1
(−1)r(2k)!τ (χp)
π2r22k(pα−1)2r−1(2k − 2r + 1)!
(
1− 2χp(2)
22r
)
L(2r,χp). (1.13)
On the other hand, for p ≡ 3 (mod 4), let χ−p(a) = ( ap ) be the real primitive odd character corresponding
to Q(
√−p). Then we have
S1/4,2k(χ−p) =
k∑
r=1
(−1)r+α−1i(2k)!τ (χ−p)
π2r24k−2r+1(pα−1)2r−1(2k − 2r + 1)! L(2r,χ4χ−p)
+
k−1∑
r=0
(−1)r(2k)!τ (χ−p)
24k−2r+1π2r+1(pα−1)2r i(2k − 2r)!
(
χ−p(2)
22r
− 1
42r
)
L(2r + 1,χ−p)
+ (−1)
k(2k)!τ (χ−p)
(2π)2k+1i(pα−1)2k
(
2+ χ−p(2)
22k
− 1
42k
)
L(2k + 1,χ−p), (1.14)
S1/4,2k+1(χ−p) =
k+1∑
r=1
(−1)r+α−1i(2k + 1)!τ (χ−p)
π2r24k−2r+3(pα−1)2r−1(2k − 2r + 2)! L(2r,χ4χ−p)
+
k∑
r=0
(−1)r(2k + 1)!τ (χ−p)
24k−2r+3(pα−1)2rπ2r+1i(2k − 2r + 1)!
(
χ−p(2)
22r
− 1
42r
)
L(2r + 1,χ−p), (1.15)
S1/2,2k(χ−p) =
k−1∑
r=0
(−1)r(2k)!τ (χ−p)
22k(pα−1)2rπ2r+1i(2k − 2r)!
(
1− χ−p(2)
22r
)
L(2r + 1,χ−p)
+ 2(−1)
k(2k)!τ (χ−p)
22k(pα−1)2kπ2k+1i
(
1− χ−p(2)
22k+1
)
L(2k + 1,χ−p), (1.16)
S1/2,2k+1(χ−p) =
k∑
r=0
(−1)r(2k + 1)!τ (χ−p)
22k+1(pα−1)2rπ2r+1i(2k − 2r + 1)!
(
1− χ−p(2)
22r
)
L(2r + 1,χ−p). (1.17)
Proof. We apply Lemma 1.3 by distinguishing the parity of the exponent κ . First suppose that p ≡
1 (mod 4). We apply (1.8) with
β = 1
4
= t
u
, t = 1, u = 4, η = e π i2 .
Then, in view of pα−1 ≡ 1 (mod 4), (1.9) reads
b2r
(
pα−1n
)= −2cos nπ
2
=
⎧⎨
⎩
0, n ≡ 1,3 (mod 4),
2, n ≡ 2 (mod 4),
−2, n ≡ 0 (mod 4)
(1 r  k),
and
b2r+1
(
pα−1n
)= 2i sin nπ = 2iχ4(n) (0 r  k).
2
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E2r,1/4 = 1
2
∞∑
n=1
b2r(pα−1n)χp(n)
n2r
=
∞∑
n=1
χp(4n + 2)
(4n + 2)2r −
∞∑
n=1
χp(4n)
(4n)2r
=
(
χp(2)
22r
− 2
42r
)
L(2r,χp) (1 r  k),
while the sum of odd-indexed terms is
O2r+1,1/4 = 1
2i
∞∑
n=1
b2r+1(pα−1n)χp(n)
n2r+1
=
∞∑
n=1
(χ4χp)(n)
n2r+1
= L(2r + 1,χ4χp) (0 r  k).
On substituting these in (1.8) we proved (1.12).
For a proof of (1.13), duly choosing parameters, (1.9) reads
b2r
(
pα−1n
)= −2cosnπ (1 r  k),
while odd-indexed ones are 0. Hence, distinguishing mod 2, we see that
E2r,1/2 =
(
1− χp(2)
22r−1
)
L(2r,χp) (1 r  k),
which gives (1.13).
Now suppose p ≡ 3 (mod 4). Then pα ≡ (−1)α (mod 4), and similarly as above, we ﬁnd that
E2r,1/4 = (−1)
α−1
2i
∞∑
n=1
b2r(pα−1n)χ−p(n)
n2r
= L(2r,χ4χ−p) (1 r  k), (1.18)
O2r+1,1/4 =
(
χ−p(2)
22r
− 1
42r
)
L(2r + 1,χ−p) (0 r  k − 1), (1.19)
and distinguishing mod 4, the last term is
O2k+1,1/4 =
(
2+ χ−p(2)
22k
− 1
42k
)
L(2k + 1,χ−p).
These three together lead to (1.14). To deduce (1.15) we substitute
E2k+2,1/4 = 2(−1)α−1iL(2k + 2,χ4χ−p)
(1.19) (0 r  k), and (1.18) in (1.8).
The remaining 1/2-interval case is easy. By the due choice of parameters as above, the even-
indexed ones are 0, while
O2r+1,1/2 =
(
χp(2)
22r
− 1
)
L(2r + 1,χp) (0 r  k − 1), (1.20)
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O2k+1,1/2 = 4
(
1− χ−p(2)
22k+1
)
L(2k + 1,χ−p),
whence (1.16). Noting that b2k+2(pα−1n) = 0, we have all the even-indexed ones are 0, hence by (1.20)
(0 r  k), (1.17) follows, completing the proof. 
2. Main results
We are in a position to state and prove the main results of this paper.
Theorem 2.1. Let l = 2n − m lie in the range 0  l < ϕ(pα)2 and assume that m > 0 is a multiple of ϕ(p
α)
2 .
Then, if mϕ(pα)/2 is odd, we have, for p ≡ 1 (mod 4)
l
2∑
r=0
(−1)r4r+1plα−2r(α−1)l!τ (χp)
π2r+1(l − 2r)! L(2r + 1,χ4χp) ≡ Em+l
(
mod pα
)
, (2.21)
and for p ≡ 3 (mod 4)
l+1
2∑
r=1
(−1)r−1i22r+1plα−(2r−1)(α−1)l!τ (χ−p)
π2r(l − 2r + 1)! L(2r,χ4χ−p) ≡ Em+l
(
mod pα
)
. (2.22)
If mϕ(pα)/2 is even, we have, for p ≡ 1 (mod 4)
Em+l ≡ 2
l+1
l + 1
{
2l
(
Bl+1
(
pα + 3
4
)
− Bl+1
(
pα + 1
4
))
− pl2l
(
Bl+1
(
pα−1 + 3
4
)
− Bl+1
(
pα−1 + 1
4
))
+ (pl − 1)(2l+1 − 1)Bl+1
} (
mod pα
)
,
(2.23)
and for p ≡ 3 (mod 4)
Em+l ≡ 2
l+1
l + 1
{
2l
(
Bl+1
(
pα + 3
4
)
− Bl+1
(
pα + 1
4
))
− pl2l
(
Bl+1
(
pα−1 + 1
4
)
− Bl+1
(
pα−1 + 3
4
))
+ (−1)α(pl − 1)(2l+1 − 1)Bl+1
} (
mod pα
)
.
(2.24)
Proof. The proof depends on distinguishing the parity of mϕ(pα)/2 in (1.6). In the case
m
ϕ(pα)/2 is odd,
we may use ( 2sp ) in place of (
2s
p )
m
ϕ(pα)/2 in (1.7). Applying the parity argument and noting that ( 4p ) = 1,
we deduce that
Em+l ≡ 2l+1(−1)
pα−1
2
(
2l+1
[ pα−14 ]∑
sl
(
s
p
)
−
(
2
p
) pα−12∑
sl
(
s
p
)) (
mod pα
)
.s=0 s=0
N. Wang et al. / Journal of Number Theory 129 (2009) 1522–1531 1529For p ≡ 1 (mod 4), we have l even and (−1) p
α−1
2 = 1, whence it follows that
Em+l ≡ 2l+1plα
(
2l+1S 1
4 ,l
(χp) − χp(2)S 1
2 ,l
(χp)
) (
mod pα
)
.
Substituting (1.12) and (1.13), we conclude (2.21).
For p ≡ 3 (mod 4), we have l odd and (−1) p
α−1
2 = (−1)α , whence
Em+l ≡ 2l+1(−1)α plα
(
2l+1S 1
4 ,l
(χ−p) − χ−p(2)S 1
2 ,l
(χ−p)
) (
mod pα
)
.
By (1.15) and (1.17), we deduce (2.22).
In the case mϕ(pα)/2 is even, we have [1]p(s) in place of ( 2sp )
m
ϕ(pα)/2 in (1.6), [1]p being the principal
character mod p. l being even, (1.7) reads
Em+l ≡ 2(−1)
pα−1
2
[ pα−12 ]∑
s=1
(−1)s(2s)l[1]p(s)
(
mod pα
)
,
which by parity argument reduces to
Em+l ≡ (−1)
pα−1
2
{
22l+2
[ pα−14 ]∑
s=1
sl[1]p(s) − 2l+1
[ pα−12 ]∑
s=1
sl[1]p(s)
} (
mod pα
)
.
The sum of the type
∑N
s=1 sl[1]p(s) can be put in closed form by
N∑
k=1
kr = 1
r + 1
(
Br+1(N + 1) − Br+1
)
,
and a trivial remark that the number of integers between 1 and m (m ∈ N) that are not multiple of p
is m − [mp ]:
N∑
s=1
sl[1]p(s) = 1
l + 1
(
Bl+1(N + 1) − pl Bl+1
([
N
p
]
+ 1
)
+ (pl − 1)Bl+1
)
.
The simplest Kubert relation reads
Bl+1(x) = 2l Bl+1
(
x
2
)
+ 2l Bl+1
(
x+ 1
2
)
.
Then, putting N = [ pα−14 ] or [ p
α−1
2 ] and x = p
α+1
2 or
pα−1+1
2 , as the case may be, and distinguishing
the cases p ≡ 1 or 3 (mod 4), we obtain (2.23) or (2.24), completing the proof. 
Corollary 2.2. Let p ≡ 1 (mod 4), and 0< 2l < p−12 , l ∈ N. Then we have
l∑ (−1)r4r+1p2l(2l)!τ (χp)
π2r+1(2l − 2r)! L(2r + 1,χ4χp) ≡ E p−12 +2l (mod p), (2.25)r=0
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2h(−4p) = 4τ (χp)
π
L(1,χ4χp) ≡ E ϕ(pα)
2
(
mod pα
)
. (2.26)
Proof. (2.25) is the case of (2.21) whose special case with l = 0 in conjunction with the class number
formula mentioned immediately after (1.1) leads to (2.26). 
Corollary 2.3. Let p ≡ 3 (mod 4), and 0< 2l + 1< p−12 , l ∈ N ∪ {0}. Then we have
l+1∑
r=1
(−1)r−1i22r+1p(2l+1)(2l + 1)!τ (χ−p)
π2r(2l − 2r + 2)! L(2r,χ4χ−p) ≡ E p+12 +2l (mod p), (2.27)
and in particular
8ipτ (χ−p)
π2
L(2,χ4χ−p) ≡ E φ(pα)
2 +1
(
mod pα
)
. (2.28)
Proof. Both (2.27) and (2.28) are special cases of (2.22). 
By (1.5) and (1.6) we get the congruences
E(2)2n = E(2)m+l ≡ −2
p−1
2∑
s=1
(−1)s(2s)l
(
2s
p
) m+1
(p−1)/2
(mod p). (2.29)
Although now that we have established that the predominant importance of congruences lies in
those which refer to congruences of L-function values in Euler numbers, we may state for curiosity
some results on congruences for the second-order Euler numbers.
Proposition 2.4. Let l = 2n−m such that m+ 1> 0 is a multiple of p−12 and 0 l < p−12 . Then, if m+1(p−1)/2 is
even, we have
E(2)m+l ≡
2l+1
l + 1
{
2l
(
Bl+1
(
p + 3
4
)
− Bl+1
(
p + 1
4
))
+ (2l+1 − 1)Bl+1
}
(mod p). (2.30)
In particular,
E(2)p−1 ≡ 1 (mod p). (2.31)
If m+1
(p−1)/2 is odd, we have, for p ≡ 3 (mod 4)
E(2)2n = E(2)m+l ≡ −
l
2∑
r=1
(−1)rl!22r+1pliτ (χ−p)
π2r(l − 2r + 1)! L(2r,χ4χ−p)
− 2(−1)
l
2 l!plτ (χ−p)
π l+1i
(
2l+1 − χ−p(2)
)
L(l + 1,χ−p) (mod p). (2.32)
Proof. We apply the same argument as in the proof of Theorem 2.1, distinguishing the parity
of m+1
(p−1)/2 . 
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